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ISOMETRIES ON NON-COMMUTATIVE (QUANTUM) LORENTZ
SPACES ASSOCIATED WITH SEMI-FINITE VON NEUMANN
ALGEBRAS
PIERRE DE JAGER AND JURIE CONRADIE
Abstract. In this article we characterize the extreme points of the unit ball of
a non-commutative (quantum) Lorentz space associated with a semi-finite von
Neumann algebra. This enables us to show that surjective isometries between
non-commutative Lorentz spaces are projection disjointness preserving and
finiteness preserving, which facilitates a characterization of the structure of
these isometries.
1. Introduction
Quantum Lorentz spaces are non-commutative analogues of the classical (com-
mutative) Lorentz function spaces. They are examples of the class of quantum
symmetric spaces, which generalize, amongst others, the non-commutative Lp, Or-
licz and Lorentz spaces. In this paper we confine ourselves to what we will call
the semi-finite setting, where the symmetric spaces consist of closed and densely
defined trace-measurable operators affiliated with a semi-finite von Neumann alge-
bra. In the special case where the von Neumann algebra is the space of all bounded
operators on a separable Hilbert space one obtains symmetrically normed ideals of
compact operators. If the von Neumann algebra is commutative and hence isomet-
rically isomorphic to an L∞-space over some localizable measure space, one obtains
the classical symmetric function spaces.
In the commutative setting structural descriptions of isometries between Lp-
spaces, between Lorentz spaces and between symmetric spaces have been obtained
by exploiting disjointness-preserving properties of isometries ([1] and [17]), char-
acterizations of extreme points ([3]) and characterizations of Hermitian operators
([23]), respectively. These techniques have been adapted to the non-commutative
setting and analogous structural descriptions obtained for isometries between quan-
tum Lp-spaces ([22]), isometries between quantum Lorentz spaces ([5]) and isome-
tries between quantum symmetric spaces ([18]). The main motivation for this pa-
per is that in [5, Theorem 5.1] the characterization of surjective isometries between
quantum Lorentz spaces is obtained under the assumption that the Lorentz spaces
are associated with von Neumann algebras equipped with finite faithful normal
traces (we will refer to this as the finite setting). We wish to extend this result to
the general semi-finite setting.
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As in the proof of the corresponding results in the finite setting, the characteri-
zation of the extreme points of the unit ball of a Lorentz space will play a significant
role. In §3 we provide this characterization and highlight other significant proper-
ties of these extreme points. This will enable us to show in §4 that any surjective
isometry between quantum Lorentz spaces is projection disjointness preserving and
finiteness preserving. A discussion of the significance of disjointness preserving
techniques in the description of isometries can be found in [19]. A structural de-
scription of these types of isometries between quantum symmetric spaces associated
with semi-finite von Neumann algebras is given in [9, Theorem 5.3]. We use this to
obtain a preliminary structural description of surjective isometries, which we show
can be improved in the context of Lorentz spaces.
A large number of the results in this paper rely for their proofs on checks that
the techniques developed in [5] for the finite setting can be modified to hold in the
semi-finite setting as well. Since these details may be found in the first author’s
doctoral thesis ([8]), we have chosen to omit those proofs which involve only minor
modifications and will instead focus predominantly on those aspects which differ
from the finite setting.
2. Preliminaries
There are a number of different types of Lorentz spaces found in the literature
(see, for example, [2] and [4]). In this paper we restrict our attention to the Lw,1-
spaces defined in terms of a weight function w. Let w : (0,∞) → (0,∞) be a
locally integrable function satisfying lim
t→0
w(t) = ∞, lim
t→∞
w(t) = 0,
∫∞
0 w(t) dt = ∞
and
∫ 1
0
w(t) dt = 1. If (Ω,Σ, µ) is a measure space and f is a measurable func-
tion defined on Ω, put
∥∥f∥∥
Lw,1(Ω)
=
∫ µ(Ω)
0
f∗(t)w(t) dt, where f∗ is the decreasing
rearrangement of f . The Lorentz function space Lw,1(Ω) is defined as the set of
all measurable functions f on Ω for which
∥∥f∥∥
Lw,1(Ω)
is finite, and
∥∥·∥∥
Lw,1(Ω)
is
then a norm on Lw,1(Ω). In order to introduce the non-commutative analogues of
these Lorentz function spaces we provide some background information regarding
von Neumann algebras and trace-measurable operators.
Throughout this paper, unless indicated otherwise, we will use A ⊆ B(H) and
B ⊆ B(K) to denote semi-finite von Neumann algebras, where B(H) and B(K) are
the spaces of all bounded linear operators on Hilbert spaces H and K, respectively.
The identity operator on a Hilbert space will be denoted by 1. Let τ and ν denote
distinguished faithful normal semi-finite traces on A and B, respectively. We will
refer to the case where τ(1), ν(1) < ∞ as the finite setting. Let P(A) denote the
lattice of projections in A, and P(A)f the sublattice consisting of projections with
finite trace. The set of all finite linear combinations of mutually orthogonal pro-
jections in P(A) (alternatively P(A)f ) will be denoted G(A) (respectively G(A)f ).
Convergence in A with respect to the operator norm topology and the strong op-
erator topology (SOT) will be denoted by
A
→ and
SOT
→ , respectively. A linear map
Φ : A → B is called a Jordan homomorphism if Φ(yx+xy) = Φ(y)Φ(x)+Φ(x)Φ(y)
for all x, y ∈ A. If, in addition, Φ(x∗) = Φ(x)∗ for all x ∈ A, then Φ is called
a Jordan ∗-homomorphism. Further details regarding von Neumann algebras and
Jordan homomorphisms may be found in [13].
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A closed operator x with domain D(x) dense in H is affiliated with A if u∗xu = x
for all unitary operators u in the commutant A′ of A. A closed densely defined self-
adjoint operator x with spectral measure ex is affiliated to A iff ex(B) ∈ P(A) for
every Borel subset B of R. For a closed and densely defined operator x : D(x) → H
the projection onto the kernel of x will be denoted by n(x), the projection onto
closure of the range of x by r(x), and the support projection 1 − n(x) by s(x).
It follows that x = r(x)x = xs(x), and if x = x∗, then r(x) = s(x) and x =
s(x)x = xs(x). If x is affiliated with A, all three these projections are in A. A
closed, densely defined operator x affiliated to A is called τ-measurable if there is
a sequence (pn) in P(A) such that pn ↑ 1, pn(H) ⊆ D(x) and 1 − pn ∈ P(A)f
for every n. It is known that if x = u|x| is the polar decomposition of x, then
x is τ -measurable if and only if it is affiliated to A and there is a λ > 0 such
that τ(e|x|(λ,∞)) < ∞. The set of all τ -measurable operators will be denoted
by S(A, τ). It becomes a ∗-algebra when sums and products are defined as the
closures of respectively the algebraic sum and algebraic product. For x ∈ S(A, τ)
we write x ≥ 0 if 〈xξ, ξ〉 ≥ 0 for all ξ in the domain of x (where 〈·, ·〉 denotes the
inner product on H), and we put S(A, τ)+ = {x ∈ S(A, τ) : x ≥ 0}. The cone
S(A, τ)+ defines a partial order on the self-adjoint elements of S(A, τ). If H is any
collection of τ -measurable operators, then we will write Hsa = {x ∈ H : x = x∗}
and H+ = {x ∈ H : x ≥ 0}. Note that A is an absolutely solid subspace of
S(A, τ), i.e. if x ∈ S(A, τ) and y ∈ A with |x| ≤ |y|, then x ∈ A. If (xλ)λ∈Λ
is an increasing net in S(A, τ) and x = sup{xλ : λ ∈ Λ} ∈ S(A, τ), we write
xλ ↑ x. In the case of a decreasing net (xλ)λ∈Λ with infimum 0 we write xλ ↓ 0.
If H ⊆ S(A, τ) and T : H → S(B, ν) is a linear map such that T (xλ) ↑ T (x)
whenever {xλ}λ∈Λ ∪ {x} ⊆ H
sa is such that xλ ↑ x, then T will be called normal
(on H). A linear map T : E ⊆ S(A, τ) → F ⊆ S(B, ν) will be called finiteness
preserving if ν(s(U(p)) < ∞ whenever p ∈ P(A)f , and projection disjointness
preserving if T (p)∗T (q) = 0 = T (p)T (q)∗ whenever p, q ∈ P(A)f with pq = 0. For
more information about τ -measurable operators the reader is referred to [12] and
[21].
For x ∈ S(A, τ), the distribution function of |x| is defined as d (|x|) (s) :=
τ
(
e|x|(s,∞)
)
, for s ≥ 0. The singular value function of x, denoted µx, is de-
fined to be the right continuous inverse of the distribution function of |x|, namely
µx(t) = inf{s ≥ 0 : d (|x|) (s) ≤ t} for t ≥ 0. If x, y ∈ S(A, τ), then we will say
that x is submajorized by y and write x ≺≺ y if
∫ t
0
µx(s)ds ≤
∫ t
0
µy(s)ds for all
t > 0. A linear subspace E ⊆ S(A, τ), equipped with a norm
∥∥·∥∥
E
, is called a
symmetric space if E is a Banach space and x ∈ E with
∥∥x∥∥
E
≤
∥∥y∥∥
E
, when-
ever y ∈ E and x ∈ S(A, τ) with µx ≤ µy. In this case we also have uxv ∈ E
and that
∥∥uxv∥∥
E
≤
∥∥u∥∥
A
∥∥v∥∥
A
∥∥x∥∥
E
for all x ∈ E, u, v ∈ A. Furthermore,∥∥x∥∥
E
=
∥∥x∗∥∥
E
=
∥∥|x|∥∥
E
for all x ∈ E and
∥∥x∥∥
E
≤
∥∥y∥∥
E
whenever x, y ∈ E
with |x| ≤ |y|. A symmetric space is an absolutely solid subspace of S(A, τ). A
symmetric space E ⊆ S(A, τ) is called strongly symmetric if its norm has the ad-
ditional property that
∥∥x∥∥
E
≤
∥∥y∥∥
E
, whenever x, y ∈ E satisfy x ≺≺ y. If E is a
symmetric space and it follows from x ∈ S(A, τ), y ∈ E and x ≺≺ y that x ∈ E
and
∥∥x∥∥
E
≤
∥∥y∥∥
E
, then E is called a fully symmetric space. The norm
∥∥·∥∥
E
on
a symmetric space E is called order continuous if
∥∥xλ∥∥ ↓ 0 whenever xλ ↓ 0 in E.
If this is the case, F(τ) := {x ∈ A : s(x) ∈ P(A)f} is norm dense in E. It can
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be shown, using the spectral theorem, that for every x ∈ F(τ), there is a sequence
(xn) in Gf (A) such that xn
E
→ x, and hence Gf (A) is dense in E.
The singular value function allows one to define non-commutative analogues of
classical function spaces as follows. If A = L∞(0,∞) is the abelian semi-finite von
Neumann algebra of all essentially bounded Lebesgue meausurable functions on
(0,∞) and the trace τ is given by integration with respect to Lebesgue measure,
then S(A, τ) = S(0,∞) is the space of all Lebesgue measurable functions on (0,∞)
that are bounded except possibly on a set of finite measure. In this case the singular
value function µx corresponds to the decreasing rearrangement f
∗ of a measurable
function f . It follows from [11, Corollaries 2.6 and 2.7] that if (A, τ) is a semi-
finite von Neumann algebra and E(0,∞) ⊆ S(0,∞) is a fully symmetric space,
then the set E(A) := {x ∈ S(A, τ) : µx ∈ E(0,∞)} is a fully symmetric space
when equipped with the norm defined by
∥∥x∥∥
E(A)
=
∥∥µx∥∥E(0,∞), for x ∈ E(A).
Similar results hold for symmetric spaces and strongly symmetric spaces (see [15]
and [12]). In particular, we can define the non-commutative Lorentz space Lw,1(A)
in this way. Further information about symmetric spaces may be found in [12] and
[10].
Remark 2.1. Since Lw,1(A) has order continuous norm, F(τ) is norm dense in
Lw,1(A), Gf (A) is dense in L
w,1(A) and Gf (A)
+ is dense in Lw,1(A)+.
3. Extreme points of Lorentz spaces
In [5, Theorem 4.1] a characterization of the extreme points of the unit ball of
a Lorentz space associated with a trace-finite von Neumann algebra is provided.
We wish to extend this result to the semi-finite setting. This can be achieved by
appropriate modifications to the arguments in §2 and §4 of [5] (see [8, Appendix
A]). The same characterization can be obtained more quickly by using the theorem
below to derive it from the corresponding result in the commutative setting (see
[3, Proposition 2.2]). For a normed space E, we let BE := {x ∈ E :
∥∥x∥∥ ≤ 1} and
SE := {x ∈ E :
∥∥x∥∥ = 1}.
Theorem 3.1. [6][7, Theorem 2.2] Suppose (A, τ) is a semi-finite von Neumann
algebra and E(0,∞) is a symmetric space. An operator x ∈ SE(A) is an extreme
point of BE(A) if and only if µx is an extreme point of BE(0,∞) and one of the
following conditions holds:
(1) lim
t→∞
µx(t) = 0
(2) n(x)An(x∗) = {0} and |x| ≥ lim
t→∞
µx(t)s(x).
In order to use this result in the present context we need the following two
lemmas.
Lemma 3.2. If x ∈ S(A, τ) is such that τ(r(x)) < ∞ (or equivalently τ(s(x)) <
∞), then there exists a unitary u ∈ A such that x = u|x|.
Proof. We start by noting that τ(r(x)) = τ(s(x)), since r(x) ∼ s(x) (see [20, p.
222]), and hence τ(r(x)) < ∞ is equivalent to τ(s(x)) < ∞. Let x = v|x| be
the polar decomposition of x. Let p = v∗v and q = vv∗. Then p ∼ q and hence
τ(p) = τ(q) = τ(r(x)) < ∞. Since any trace-finite projection is finite, p and q are
finite projections. By [14, Exercise 6.9.7(6)], p⊥ ∼ q⊥. We can therefore find a
partial isometry w ∈ A such that w∗w = p⊥ and ww∗ = q⊥. Note that, using [13,
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Exercise 2.8.45], we obtain r(w) = q⊥ = r(x)⊥ = r(v)⊥ = n(v∗) and hence v∗w = 0.
We can similarly show that vw∗ = 0 and hence w∗v = 0 = wv∗. Let u = v + w.
Then u∗u = v∗v + v∗w + w∗v + w∗w = p + 0 + 0 + p⊥ = 1. Similarly uu∗ = 1,
and hence u is unitary. Furthermore, w|x| = ws(w)r(|x|)|x| = wp⊥p|x| = 0, by [13,
Exercise 2.8.45] and using the facts that r(|x|) = r(x∗) = s(x) = p and s(w) = p⊥.
It follows that u|x| = (v + w)|x| = v|x|+ 0 = x. 
Lemma 3.3. Suppose x ∈ S(A, τ) and β > 0. Then µx = βχ[0,α) if and only if
|x| = βp for some p ∈ P(A) with τ(p) = α.
Proof. If |x| = βp for some p ∈ P(A), then a direct calculation using the definition
of the singular value function shows that µx = βχ[0,τ(p)). Conversely, suppose
µx = βχ[0,α). It is easily checked that τ(e
|x|(s,∞)) = α for all s < β. Using
the faithfulness of τ this implies that e|x|(0, s] = 0 for all s < β. Furthermore,
e|x|(s,∞) = 0 for all s > β, since
∥∥x∥∥
A
= β. It follows that |x| has two eigenvalues,
namely 0 and β, and therefore |x| = βp for some p ∈ P(A) and τ(p) = α. 
We are now in a position to characterize the extreme points of the unit ball of
the Lorentz space Lw,1(A). Let V(A)f denote the set of partial isometries in A
with trace-finite support projections and let ψ(t) :=
∫ t
0
w(s)ds for t > 0.
Proposition 3.4. Suppose (A, τ) is a semi-finite von Neumann algebra, w is a
strictly decreasing weight function and E = Lw,1(A). Then x is an extreme point
of BE if and only if x =
1
ψ(τ(|v|))v for some v ∈ V(A)
f .
Proof. Suppose x = 1
ψ(τ(|v|))v for some partial isometry v ∈ A with τ(|v|) < ∞.
Then µx =
1
ψ(τ(|v|))χ[0,τ(|v|)), by Lemma 3.3. It follows that µx is an extreme point
of BLw,1(0,∞), by [3, Proposition 2.2]. Furthermore, lim
t→∞
µx(t) = 0 and so x is an
extreme point of BLw,1(A), by Theorem 3.1. Conversely, suppose x is an extreme
point of BLw,1(A). By Theorem 3.1, µx is an extreme point of BLw,1(0,∞) and so
µx =
1
ψ(m(A))χA for some A ⊂ [0,∞) with 0 < m(A) < ∞, by [3, Proposition
2.2]. Let t = m(A). Since µx is decreasing, we have that µx =
1
ψ(t)χ[0,t) and
hence |x| = 1
ψ(t)p for some p ∈ P(A) with τ(p) = t, by Lemma 3.3. By Lemma
3.2 there exists a unitary operator u such that x = u|x|. Since up ∈ V(A) and
|up|2 = (up)∗(up) = p = p2, we have that |up| = p and therefore τ(p) = τ(|up|). It
follows that x = v
ψ(τ(|v|)) for some v ∈ V(A) with τ(|v|) <∞. 
4. Surjective isometries between Lorentz spaces
Throughout this section we will assume that (A, τ) and (B, ν) are semi-finite
von Neumann algebras and that w is a strictly decreasing weight function. The
two benefits of working with a strictly decreasing weight function are that one has
access to the characterization of the extreme points (Proposition 3.4) and that the
Lorentz spaces under consideration have strictly monotone norm (see [5]). The aim
of this section is to characterize surjective isometries U : Lw,1(A)→ Lw,1(B).
Suppose U : Lw,1(A)→ Lw,1(B) is a surjective isometry. In the finite setting (see
[5, Theorem 5.1]) the representation of U is obtained by using the characterization
of the extreme points of the unit ball of a Lorentz space to show that U(1) =
1
ψ(ν(|a|))a for some partial isometry a ∈ B. One can then find a unitary operator
u ∈ B such that a = u|a|. The most substantial part of the proof involves showing
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that the surjective isometry T (x) := u∗U(x) is positive and that |a| = 1. A
structural description of positive surjective isometries between a symmetric space
and fully symmetric space ([5, Theorem 3.1]) is then employed to obtain the desired
representation. Recently it has been shown that [5, Theorem 3.1] can be extended to
the semi-finite setting and that this extension can then be used to obtain a structural
description of projection disjointness and finiteness preserving surjective isometries
between symmetric spaces associated with semi-finite von Neumann algebras (see
[9, Theorem 5.3]). We will show that applying the techniques employed in the finite
setting to U(p), for each p ∈ P(A)f , (instead of U(1), which need not be defined in
the semi-finite setting) will enable us to show that U is disjointness-preserving in
the semi-finite setting. Furthermore, the characterization of the extreme points of
the unit ball of a Lorentz space will be used to show that U is finiteness-preserving.
This will enable us to use [9, Theorem 5.3] to obtain a preliminary structural
description of the isometry U . Further analysis of this structural description in the
context of Lorentz spaces will yield the desired representation.
Suppose 0 6= p ∈ P(A)f . Then x =
1
ψ(τ(p))p is an extreme point of the unit
ball of Lw,1(A), by Proposition 3.4. Since U is a surjective isometry, U(x) is also
an extreme point. It follows by Proposition 3.4 that U(p) can be written in the
form αpvp, where vp ∈ V(B)
f and αp =
ψ(τ(p))
ψ(ν(|vp|))
. By Lemma 3.2, there exists a
unitary operator up ∈ B such that vp = up|vp|. Define Tp : L
w,1(A) → Lw,1(B)
by Tp(x) := u
∗
pU(x) for x ∈ L
w,1(A). It is easily checked that Tp is a surjective
isometry.
We wish to show that Tp(pL
w,1(A)p) ⊆ |vp|L
w,1(B)|vp| and Tp(x) ≥ 0 for every
x ∈ pLw,1(A)+p. Let 0 6= q ∈ P(A)f with q ≤ p. Since Tp is a surjective isometry,
we have that Tp(q) = βv for some v ∈ V(B)
f , where β = ψ(τ(q))
ψ(ν(|v|)) . Let y = Tp(p+q).
Then y = u∗pU(p) + Tp(q) = αp|vp| + βv. It follows that s(y) ≤ s(|vp|) ∨ s(v) =
|vp| ∨ |v|. Furthermore, vp, v ∈ V(B)
f and so ν(|vp|), ν(|v|) < ∞. It follows that
|vp| ∨ |v| (and hence s(y)) has finite trace. By Lemma 3.2 this implies that there
exists a unitary operator w ∈ B such that wy = |y|.
By making suitable adjustments to the arguments employed in the proofs of [5,
Lemmas 5.2, 5.3, 5.4 and 5.6] we obtain
• w|vp| = |vp| and wv = |v|;
• |v| ≤ |vp|.
The interested reader is referred to [8, §7.2] for a detailed verification of these
claims.
Lemma 4.1. Tp(pL
w,1(A)p) ⊆ |vp|L
w,1(B)|vp|.
Proof. Since |v| ≤ |vp|, we have that |vp||v||vp| = |v| and hence |v| ∈ |vp|L
w,1(B)|vp|.
Therefore v ∈ |vp|L
w,1(B)|vp| and so Tp(q) = βv ∈ |vp|L
w,1(B)|vp|. Let Dp :=
{e ∈ P(A)f : e ≤ p} and G
f
p := span (Dp). Since 0 < q ≤ p was arbitrary,
we have that Tp(G
f
p ) ⊆ |vp|L
w,1(B)|vp|. Tp is continuous and it is easily checked
that |vp|L
w,1(B)|vp| is closed in L
w,1(B); therefore, Tp(G
f
p ) ⊆ |vp|L
w,1(B)|vp|. This
completes the proof of the lemma, since one can use the density results given in
Remark 2.1 to show that Gfp = pLw,1(A)p. 
Lemma 4.2. If x ∈ pLw,1(A)+p, then Tp(x) ≥ 0.
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Proof. Recall that Tp(q) = βv. Since v ∈ |vp|L
w,1(B)|vp|, this implies that βv =
β|vp|v. Furthermore, w|vp| = |vp|, wv = |v| and it can be shown (as in the proof of
[5, Lemma 5.4]) that w and |vp| commute. We therefore obtain
Tp(q) = β|vp|v = βw|vp|v = β|vp|wv = β|vp||v|.
Since |v| ≤ |vp|, it follows that |vp||v| = |v| and hence Tp(q) = β|v| ≥ 0. It
is then easily checked that Tp(G
+
p ) ⊆ L
w,1(B)+, since 0 < q ≤ p was arbitrary.
Furthermore, G+p = pLw,1(A)+p (see Remark 2.1), Tp is continuous and L
w,1(B)+
is closed (see [12, Corollary 12]). It follows that Tp(pL
w,1(A)+p) = Tp(G
+
p ) ⊆
Lw,1(B)+. 
The major part of the proof up to this point has been a semi-finite adapta-
tion of the techniques employed in the proof of [5, Theorem 5.1]. We show that
this groundwork in fact enables us to prove that any surjective isometry between
Lorentz spaces is projection disjointness preserving. We will need the following
easily verified claim.
Lemma 4.3. If 0 6= p, q, e ∈ P(A) and α, β, γ > 0, then αp+ βq = γe if and only
if one of the following conditions holds
(1) p = q = e and α+ β = γ or
(2) pq = 0, p+ q = e and α = β = γ.
Theorem 4.4. Suppose (A, τ) and (B, ν) are semi-finite von Neumann algebras and
w is a strictly decreasing weight function. If U : Lw,1(A)→ Lw,1(B) is a surjective
isometry, then U(p)∗U(q) = 0 = U(p)U(q)∗ whenever p, q ∈ P(A)f are such that
pq = 0. Furthermore, αp = αq = αp+q, vp+vq = vp+q and |vp|+|vq| = |vp+q|, where
vp, vq, vp+q ∈ V(B)
f and αp, αq, αp+q ∈ R are such that U(p) = αpvp, U(q) = αqvq
and U(p+ q) = αp+qvp+q.
Proof. Since p + q = p ∨ q ∈ P(A)f , there exits a partial isometry vp+q ∈ V(B)
f
such that U(p + q) = αp+qvp+q. By Lemma 3.2, there exists a unitary operator
up+q ∈ B such that vp+q = up+q|vp+q|. Let u denote up+q and note that Tp+q(p) =
u∗U(p) = αpu
∗vp. Furthermore, (u
∗vp)
∗(u∗vp) = v
∗
pvp = |vp|. It follows by [14,
Proposition 6.1.1] that 1
αp
Tp+q(p) is a partial isometry. Since
1
αp
Tp+q(p) ≥ 0, by
Lemma 4.2, 1
αp
Tp+q(p) is a projection. We can similarly show that
1
αq
Tp+q(q) and
1
αp+q
Tp+q(p + q) are also projections. Therefore, u
∗vp, u
∗vp and u
∗vp+q are all
projections. We also have
αpu
∗vp + αqu
∗vq = Tp+q(p) + Tp+q(q) = Tp+q(p+ q) = αp+qu
∗vp+q.
By Lemma 4.3 this implies that
u∗vp = u
∗vq = u
∗vp+q and αp + αq = αp+q or(4.1)
(u∗vp)(u
∗vq) = 0, u
∗vp + u
∗vq = u
∗vp+q and αp = αq = αp+q.(4.2)
If we assume that (4.1) holds, then Tp+q
(
p
αp
)
= u∗vp = u
∗vq = Tp+q
(
q
αp
)
. Since
Tp+q is an isometry and hence injective, it follows that
p
αp
= q
αq
and hence p = q.
This is a contradiction, since pq = 0 and p, q 6= 0. Therefore (4.2) holds. Note
that v∗qu = (u
∗vq)
∗ = u∗vq, since u
∗vq is a projection. Similarly, v
∗
pu = u
∗vp.
Therefore (u∗vp)(v
∗
qu) = (u
∗vp)(u
∗vq) = 0, using (4.2). It follows that vpv
∗
q = 0.
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Furthermore, (u∗vp)(u
∗vq) = 0 implies that v
∗
pvq = (v
∗
pu)(u
∗vq) = 0, since uu
∗ = 1
and v∗pu = u
∗vp. Therefore U(p)
∗U(q) = 0 = U(p)U(q)∗.
Note also that u(u∗vp + u
∗vq) = u(u
∗vp+q), using (4.2). Since u is unitary, it
follows that vp + vq = vp+q. Furthermore, v
∗
pvq = 0 = v
∗
qvp and so
|vp+q| = v
∗
p+qvp+q = (vp + vq)
∗(vp + vq) = v
∗
pvp + v
∗
qvq = |vp|+ |vq|.

We are now in a position to prove the main result of this section.
Theorem 4.5. Suppose (A, τ) and (B, ν) are semi-finite von Neumann algebras
and w is a strictly decreasing weight function. If U : Lw,1(A) → Lw,1(B) is a
surjective isometry then there exists a Jordan ∗-isomorphism Φ : A → B, a unitary
u ∈ B and an α > 0 such that U(x) = αuΦ(x) for all x ∈ A ∩ Lw,1(A) and
ψ(ν(Φ(p))) =
1
α
ψ(τ(p)) ∀p ∈ P(A)f .(4.3)
Conversely, if Φ : A → B is a Jordan ∗-isomorphism, u ∈ B is a unitary and
there exists an α > 0 such that (4.3) holds, then letting U0(x) := αuΦ(x) for
all x ∈ A ∩ Lw,1(A) yields a map which can be extended to a surjective isometry
U : Lw,1(A)→ Lw,1(B).
Proof. Suppose U is a surjective isometry. We have seen that if p ∈ P(A)f , then
U(p) = αpvp for some vp ∈ V(A)f . It follows that ν(s(U(p)) = ν(|vp|) < ∞
whenever p ∈ P(A)f . If p, q ∈ P(A)f with p, q = 0, then U(p)
∗U(q) = 0 =
U(p)U(q)∗, by Theorem 4.4. It follows by [9, Theorem 5.3], that there exist a Jordan
∗-isomorphism Φ, a unitary operator u ∈ B and a positive operator b ∈ S(B, ν) such
that U(x) = ubΦ(x) for all x ∈ A ∩ Lw,1(A).
In order to show that this structural description can be improved, we start by
showing that if 0 6= p, q ∈ P(A)f are arbitrary projections, then αp = αq. If p = q,
then clearly αp = αq. If q < p, then 0 6= p − q and q(p − q) = 0. It follows by
Theorem 4.4 that αq = αp−q = αq+(p−q) = αp. If p  q and q  p, then let
m = p∨ q. It follows that p < m, q < m and m ∈ P(A)f . By what has been shown
already this implies that αp = αm = αq. There therefore exists an α ∈ R+ such
that U(p) = αvp holds for any 0 6= p ∈ P(A)f .
Next, we show that b = α1. By considering [9, Remark 5.4], we note that
Φ(p) = s(U(p)) for every p ∈ P(A)f and the positive operator b is constructed
using the spectral projections of the positive operators bp = |U(p)| (p ∈ P(A)f )
by defining eb(λ,∞) := SOT lim
p∈P(A)f
ebp(λ,∞) and constructing a positive operator
from the resolution of the identity obtained in this way. In our present setting we
have that
bp = |U(p)| = |αvp| = α|vp| = αs(U(p)) = αΦ(p),
where we have used the fact that αp = α for all p ∈ P(A)f . This implies that if
bp =
∫∞
0 λde
bp(λ) is the spectral representation of bp, then
ebp(λ,∞) =
{
Φ(p) if 0 ≤ λ < α
0 if λ ≥ α
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Furthermore, Φ is a Jordan ∗-isomorphism and hence normal and unital (see [14,
Exercise 10.5.31]). It follows that SOT lim
p∈P(A)f
Φ(p) = Φ(1) = 1 and so
eb(λ,∞) := SOT lim
p∈P(A)f
ebp(λ,∞) =
{
1 if 0 ≤ λ < α
0 if λ ≥ α
It follows that b =
∫∞
0 λde
b(λ) = α1 and hence U(x) = αuΦ(x) for all x ∈ A ∩ E.
Furthermore, for any p ∈ P(A)f , we have
ψ(τ(p)) =
∥∥p∥∥
Lw,1(A)
=
∥∥U(p)∥∥
Lw,1(B)
=
∥∥αuΦ(p)∥∥
Lw,1(B)
= αψ(ν(Φ(p))).
To prove the converse suppose that Φ : A → B is a Jordan ∗-isomorphism for
which (4.3) holds for some α > 0 and suppose u ∈ B is a unitary operator. Let
U0(x) := αuΦ(x) for all x ∈ A∩L
w,1(A). We start by showing that U0 is isometric
on Gf . Suppose x =
n∑
i=1
αipi ∈ Gf , with |α1| > |α2| > ... > |αn| and pi ∈ P(A)f for
every i, with pipj = 0 if i 6= j. Then |x| =
n∑
i=1
|αi|pi. Furthermore, since pipj = 0
if i 6= j, it is easily checked that x∗x = xx∗. Note also that |x| can be written in
the form |x| =
n∑
j=1
βjqj , where q1 ≤ q2 ≤ ... ≤ qn and the qi’s are projections. It is
easily checked that µx = µ|x| =
n∑
j=1
βjµqj . It follows from [16, Lemma 4.10] (using
p = 1 and the fact that the symmetric p-modulus of a normal element is equal to its
modulus) that |Φ(x)| = Φ(|x|) =
n∑
j=1
βjΦ(qj). Since Φ is a Jordan ∗-isomorphism,
Φ is positive and so Φ(q1) ≤ Φ(q2) ≤ ... ≤ Φ(qn). Furthermore, these are all
projections (see [14, Exercise 10.5.22]) and so µΦ(x) = µ|Φ(x)| =
n∑
j=1
βjχ[0,ν(Φ(qj))).
Therefore∥∥U0(x)∥∥Lw,1(B) = ∥∥αuΦ(x)∥∥Lw,1(B) = α∥∥Φ(x)∥∥Lw,1(B) = α
∫ ∞
0
µΦ(x)(t)w(t)dt
= α
n∑
j=1
βjψ(ν(Φ(qj))) = α
n∑
j=1
βj
α
ψ(τ(qj)) =
∫ ∞
0
µx(t)w(t)dt =
∥∥x∥∥
Lw,1(A)
Even though Gf is dense in L
w,1(A) (see Remark 2.1), it need not be a subspace
of Lw,1(A) and so care needs to be taken when extending U0. Motivated by this,
we show next that U0 is isometric on F(τ). It follows from the Spectral Theorem
that if x ∈ F(τ)sa, then there exists a sequence (xn)
∞
n=1 in G
sa
f such that xn
A
→ x
and s(xn) ≤ s(x) for every n ∈ N+. Since Φ is a Jordan ∗-isomorphism and hence
continuous (see [14, Exercise 10.5.31]), we have that Φ(xn)
B
→ Φ(x). If y ∈ Asa,
then it is easily checked that Φ(s(y)) = s(Φ(y)), since y commutes with s(y). It
follows that s(Φ(xn)) ≤ s(Φ(x)) for every n. Furthermore τ(s(x)) < ∞ implies
that ψ(ν(Φ(s(x)))) = 1
α
ψ(τ(s(x))) < ∞ and therefore ν(s(Φ(x))) = ν(Φ(s(x))) <
∞. A straightforward calculation then shows that Φ(xn)
Lw,1
→ Φ(x) and similarly
xn
Lw,1
→ x. Since
∥∥Φ(xn)∥∥Lw,1 = ∥∥xn∥∥Lw,1 for each n, we have that ∥∥uΦ(x)∥∥Lw,1 =∥∥Φ(x)∥∥
Lw,1
=
∥∥x∥∥
Lw,1
.
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We have shown that U0 is isometric on F(τ)
sa. It therefore has a unique iso-
metric extension from Lw,1(A)sa into Lw,1(B), which can be further extended to a
continuous map U : Lw,1(A)→ Lw,1(B), using the fact that every x ∈ Lw,1(A) has
a unique decomposition x = x1 + ix2, with x1, x2 ∈ L
w,1(A)sa. This map U is in
fact an isometry, since it is isometric on the dense subset Gf .
We show that U is surjective. To do so, we will start by showing that Φ(P(A)f ) =
P(B)f . If p ∈ P(A)f , then Φ(p) ∈ P(B). Furthermore, using (4.3), we have that
ψ(ν(Φ(p))) = 1
α
ψ(τ(p)) < ∞ and so Φ(P(A)f ) ⊆ P(B)f . Suppose q ∈ P(B)f .
Since Φ is a Jordan ∗-isomorphism, Φ−1 is a Jordan ∗-isomorphism and therefore
p = Φ−1(q) is a projection. Since A is semi-finite, there exists a net {pλ}λ∈Λ in
P(A)f such that pλ ↑ p. Therefore Φ(pλ) ↑ Φ(p), since Φ is normal (see [14, Exercise
10.5.31]). This implies that ψ(ν(Φ(pλ))) ↑ ψ(ν(Φ(p))) since ν is normal and ψ is
increasing and continuous. We can similarly show that 1
α
ψ(τ(pλ)) ↑
1
α
ψ(τ(p)),
but ψ(ν(Φ(pλ))) =
1
α
ψ(τ(pλ)) for all λ and therefore
1
α
ψ(τ(p)) = ψ(ν(Φ(p))) =
ψ(ν(q)) <∞. It follows that p ∈ P(A)f and therefore P(B)f ⊆ Φ(P(A)f ).
Since Φ(P(A)f ) = P(B)f , it follows that Φ(G(A)f ) = G(B)f . Suppose y ∈
Lw,1(B). Then 1
α
u∗y ∈ Lw,1(B). Using the density of G(B)f we can find a sequence
(yn)
∞
n=1 in G(B)f such that yn
Lw,1(B)
→ 1
α
u∗y. There exits a sequence (xn)
∞
n=1 in
G(A)f such that Φ(xn) = yn for every n ∈ N+. Using the fact that U is isometric
on F(τ) and U(xn) = αuΦ(xn) for every n, one can show that (xn)
∞
n=1 is Cauchy
in Lw,1(A). Therefore xn
Lw,1(A)
→ x, for some x ∈ Lw,1(A). It is easily checked that
U(x) = y. 
In the following remark we show that in the finite setting Theorem 4.5 reduces
to [5, Theorem 5.1].
Remark 4.6. Suppose (A, τ) and (B, ν) are finite von Neumann algebras with τ(1) =
1 = ν(1) and suppose w : [0, 1] → [0,∞) is a strictly decreasing weight function
with ψ(1) =
∫ 1
0 w(t)dt = 1. We show that if Φ : A → B is a Jordan ∗-isomorphism,
then condition (4.3) is equivalent to Φ being trace-preserving. It is clear that if
Φ is trace-preserving, then (4.3) holds for α = 1. Suppose (4.3) holds for some
α > 0. In particular, αψ(ν(Φ(1))) = ψ(τ(1)) and therefore α = ψ(τ(1))
ψ(ν(1)) = 1, since
Φ(1) = 1 (see [14, Exercise 10.5.31]), τ(1) = 1 = ν(1) and ψ(1) = 1. This implies
that ψ(ν(Φ(p))) = ψ(τ(p)) for all p ∈ P(A). Since ψ is strictly increasing and hence
injective, it follows that ν(Φ(p)) = τ(p) for all p ∈ P(A) and, therefore, ν(Φ(x)) =
τ(x), whenever x ∈ G(A). Suppose x ∈ A+. As a consequence of the Spectral
Theorem there exists a sequence (xn)
∞
n=1 in G(A)
+ such that xn
A
→ x. Since Φ is a
Jordan ∗-isomorphism, it is an isometry (see [14, Exercise 10.5.31]), and so Φ(xn)
B
→
Φ(x). Furthermore, A is trace-finite and hence A is continuously embedded into
L1(τ). Similarly, B is continuously embedded into L1(ν). It follows that xn
L1(τ)
→
x, Φ(xn)
L1(ν)
→ Φ(x) and hence, since these are all positive elements, τ(xn) =∥∥xn∥∥L1(τ) → ∥∥x∥∥L1(τ) = τ(x) and ν(Φ(xn)) = ∥∥Φ(xn)∥∥L1(ν) → ∥∥Φ(x)∥∥L1(ν) =
ν(Φ(x)). However, ν(Φ(xn)) = τ(xn) for each n ∈ N+ and so ν(Φ(x)) = τ(x).
Since any element in A can be written as a linear combination of positive elements
and Φ, ν and τ are linear, we have that Φ is trace-preserving.
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We finish this section by showing that if we are dealing with Lorentz spaces
associated with different weight functions, then we can still describe the structure
of a surjective isometry between these spaces, provided we know, in addition, that
the isometry is positive.
Corollary 4.7. Let A ⊆ B(H) and B ⊆ B(K) be semi-finite von Neumann algebras
equipped with semi-finite faithful normal traces τ and ν respectively. Let w1 and w2
be strictly decreasing weights on [0,∞). If U : Lw1,1(A) → Lw2,1(B) is a positive
surjective linear isometry, then there exists a positive operator a ∈ S(B, ν) and a
Jordan ∗-isomorphism Φ of A onto B such that
U(x) = aΦ(x) ∀x ∈ A ∩ Lw1,1(τ)
Proof. Since E = Lw1,1(A) and F = Lw2,1(B) are symmetric spaces, all we need
in order to apply [9, Theorem 4.9] to obtain the desired result is to show that U is
finiteness preserving. If p ∈ P(A)f , then
1
ψ1(τ(p))
p is an extreme point of BE , by
Proposition 3.4. Since U is an isometry, U
(
1
ψ1(τ(p))
p
)
is an extreme point of BF . It
follows by Proposition 3.4 that U
(
1
ψ1(τ(p))
p
)
= 1
ψ2(ν(|v|)
v for some partial isometry
v ∈ B with ν(|v|) <∞. Therefore s(U(p)) = |v| and hence ν(s(U(p))) <∞. 
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